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We consider exact solutions of Einstein equations defining static black holes parametrized by 
■ off-diagonal metrics which by anholonomic mappings can be equivalently transformed into some 

' diagonal metrics with coefficients being very similar to those from the Schwarzschild and/or Reissner- 

, Nordstrom solutions with anisotropic renormalizations of constants. We emphasize that such classes 

^ ' of solutions, for instance, with ellipsoidal symmetry of horizons, can be constructed even in general 

U ' relativity theory if off-diagonal metrics and anholonomic frames are introduced into considerations. 

. Such solutions do not violate the Israel's uniqueness theorems on static black hole configurations |l[ 

because at long radial distances one holds the usual Schwarzschild limit. We show that anisotropic 
deformations of the Reissner-Nordstrom metric can be an exact solution on the brane, re-interpreted 
as a black hole with an effective electromagnetic like charge anisotropically induced and polarized 
' by higher dimension gravitational interactions. 

> ' 

in 

' The idea of extra-dimension is gone through a renewal in connection to string/M-theory |Q] which in low energy 
00 limits results in models of brane gravity and/or high energy physics. It was proven that the matter fields could be 
localized on a 3-brane in 1 + 3 + n dimensions, while gravity can propagate in the n extra dimensions which can be 
' ^ large (see, e. g., [^) and even not compact, as in the 5-dimensional (in brief, 5D) warped space models of Randall 

, and Sundrum (in brief RS, see also early versions Q). 
i-G • The bulk of solutions of 5D Einstein equations and their reductions to 4D were constructed by using static diagonal 
I ' metrics and extensions to solutions with rotations given with respect to holonomic coordinate frames of references. 

On the other hand much attention has been paid to off-diagonal metrics in higher dimensional gravity beginning the 
(-H I Salam, Strathee and Petracci work ^ which proved that including off-diagonal components in higher dimensional 
• • ■ metrics is equivalent to including of U{1), SU{2) and SU{3) gauge fields. Recently, it was shown in Ref. [Q that if we 
.5^ consider off-diagonal metrics which can be equivalently diagonalized to some corresponding anholonomic frames, the 
RS theories become substantially locally anisotropic with variations of constants on extra dimension coordinate or with 
5-H I anisotropic angular polarizations of effective 4D constants, induced by higher dimension gravitational interactions. 
. . 1 If matter on a such anisotropic 3D branes collapses under gravity without rotating to form a black hole, then the 
metric on the brane-world should be close to some anisotropic deformations of the Schwarzschild metric at astrophysical 
scales in order to preserve the observationally tested predictions of general relativity. We emphasize that it is possible 
to construct anisotropic deformations of spherical symmetric black hole solutions to some static configurations with 
ellipsoidal or toroidal horizons even in the framework of 4D and in 5D Einstein theory if off-diagonal metrics and 
associated anholonomic frames and nonlinear connections are introduced into consideration 

Collapse to locally isotropic black holes in the Randall-Sundrum brane-world scenario was studied by Chamblin 
et al. (see also and a review on the subject The item of definition of black hole solutions have to 

be reconsidered if we are dealing with off-diagonal metrics, anholonomic frames both in general relativity and on 
anisotropic branes. 

In this Letter, we give four classes of exact black hole solutions which describes ellipsoidal static deformations with 
anisotropic polarizations and running of constants of the Schwarzschild and Reissner-Nordstrom solutions. We analyze 
the conditions when such type anisotropic solutions defined on 3D branes have their analogous in general relativity. 

The 5D pseudo-Riemannian spacetime is provided with local coordinates = (a;%7/") = {x^ — f,x'^,x^,y^ — 
s,y^ = p), where / is the extra dimension coordinate, {x'^,x^) are some space coordinates and (s = ip,p = t) (or 
inversely, [s = t,p = Lp)) are correspondingly some angular and time like coordinates (or inversely). We suppose that 
indices run corresponding values: k, ... = 1, 2, 3 and a, b, c, ... = 4, 5. The local coordinate bases da = {di, da), and 
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their duals, = (d', d") , are defined respectively as 
d, 



du" = {d} = dx\d'' 



■n 



(1) 



For the 5D line element dP — Gapdu'^du^ we choose the metric coefficients Gap (with respect to the coordinate 
frame (|l|)) to be parametrized by a off-diagonal matrix (ansatz) 



1 + Wi^/i4 + ni^/i5 i0iu;2/i4 + 711712/15 Wiw-ihn, + n\nzh^ Wi/14 ni/15 

WlW2h4 + 711712/15 52 + U'2^/14 + 12^/15 W2W3h4 + 71213/15 W2/14 I2/I5 
WlWahi + 71i7l3/i5 WiW2hi + 712713/15 33 + U'3^/14 + 7l3^/i5 71)3/14 13/15 



W2h4 
712 /I5 



hi 






/15 



(2) 



where the coefficients are some necessary smoothly class functions of type: 

ff2,3 = 52,3(2;^, x^), /i4,5 = /i4,5(a;\a;^,a^^,s),Wi = 7i;i(a;\a;^,x^,s),?ii = x^, x^, s). 

The line element (H) can be equivalently rewritten in the form 



(3) 



with diagonal coefficients = (iia5[l, (72, 53] and hah = (ija(7[/i4, /15] if instead the coordinate bases one introduce 
the anholonomic frames (anisotropic bases) 



d 



(5„ = — = ((5, = 9, - m{u) db, da = and 5" = Su" = {S' = dx^S" = dy" + iV"(w) dx") 



dy 



(4) 



where the TV-coefficients are parametrized Nf = wi and Nf = Ui (on anholonomic frame method see details in |^). 

The nontrivial components of the 5D vacuum Einstein equations, — 0, for the ansatz (^) given with respect to 
anholonomic frames (Q) are 



d2 



2^253 



L93 



52.93 

252 



(.93)' 


+ 52-f^~ 


{9,f. 


= 0, 
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252 ^ 




i?4 = -R5 = — 




= 0, 




2/14/15 




z!/l5 


" 2^ 


= 0, 




^5 r ** 




= 0, 



(5) 
(6) 
(7) 
(8) 



where 



a, = d,hl - hid. In V|/i4/i5|, P^K*- hl[\n ^\hj^\]* = (3/15/2/14) - /iy/i4, 

the partial derivatives are denoted like a" = da/dx^, h* = dh/dx^, f — df /dx^ and /* = df /ds. 
The system of second order nonlinear partial equations (|^)-(^) can be solved in general form: 
The equation (^ relates two functions 52(2^^, x^) and gsix^, x^). It is solved, for instance, by arbitrary two functions 
g2(x'^) and gz{x^), or by 52 = 53 = 5[o] exp[a2a;^ + 03^^], were 5[o],a2 and 03 are some constants. For a given 
parametrization of g2 = b2{x'^)c2(x'^) we can find a decomposition in series for 53 — bz{x'^)c3{x^) (in the inverse case 
a multiple parametrization is given for 53 and we try to find 52); for simplicity we omit such cumbersome formulas. 
We emphasize that we can always redefine the variables (a;^,x^) , or (equivalently) we can perform a 2D conformal 
transform to the flat 2D line element 

g2{x\x^){dx^f+g^{x\x^){dx^f ^ {dx^ f + {dx^)\ 

for which the solution of (||) becomes trivial. 

The next step is to find solutions of the equation (^ which relates two functions /14 (x* , s) and /15 (x' , s) . This 
equation is satisfied by arbitrary pairs of coefficients /14 (a;',s) and /i5[o] (a;*) . If dependencies of /15 on anisotropic 
variable s are considered, there are two possibilites: 
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a) to compute 



'Ih^l = /i5[i] (x') + /i5[2] (a;') J y/\hi {x\s) \ds, hi {x\ s) ^ 0; 
= ^5[i] (a;") + /i5[2] (a;*) s, K {x\ s) = 0, 



for some functions /i5[i,2] (a^*) stated by boundary conditions; 
b) or, inversely, to compute /14 for a given (x*, s) ,hl ^ 0, 



i[0] 



(x»)(Vi/i5 (xs.)ir. 



(9) 



with /i[Q] (x*) given by boundary conditions. 

Having the values of functions hi and /15, we can define the coefficients Wi (x', s) and rii (x*, s) 
The exact solutions of is found by solving linear algebraic equation on Wk, 



Wk ^ dk\n[^\hj^\/\hl\]/ds\n[./\hj^\/\h;\], 

for ds = d/ds and /15 7^ 0. If h^ — the coefficients Wk could be arbitrary functions on (x\ s) 
Integrating two times on variable s we find the exact solution of (S), 



(10) 



n-k = (a;*) + ^^fe[2] {x') J [h^/ {^/\h^\f]ds, ht, ^ 0; 
= nk[i] (x') + nk[2] (x') y" /i4ds, /15 = 0; 
= (x') +nfe[2] (x') / ]ds, hi ^ 0, 



(11) 



for some functions 2] {^^) stated by boundary conditions. 

We shall construct some classes of exact solutions of 5D and 4D vacuum Einstein equations describing anholonomic 
deformations of black hole solutions of the Reissner-Nordstrom and Schwarzschild metrics. We consider two systems 
of 3D space coorinates: 

a) The isotropic spherical coordinates {p,9,ip), where the isotropic radial coordinate p is related with the usual 
radial coordinate r via relation r = p(l + rg/4p)^ for Vg — 2G[4]r7io/c^ being the 4D gravitational radius of point 
particle of mass toq, G[4] = l/Mp^^j is the 4D Newton constant expressed via Plank mass Mp[4] which following 
modern string/brane theories can considered as a value induced from extra dimensions, we shall put the light speed 
constant c ~ 1 (this system of coordinates is considered, for instance, for the so-called isotropic representation of the 
Schwarzschild solution [^). 

b) The rotation ellipsoid coordinates (in our case isotropic, in brief re-coordinates) JlOt (u, «,(/?) with < u < 
00,0 < V < TT,0 < (p < 2tt, where a = coshw = 'ip/vg > 1 are related with the isotropic 3D Cartezian coodrinates 
(x — sinhusini'cos(p,?/ — sinhu sinw siniy9, z — cosh it cos w) and define an elongated rotation ellipsoid hypersurface 

By straightforward calculations we can verify that we can generate from the ansatz (|^) four classes of exact solutions 
of the system (|)-(|): 

1. The anisotropic Reissner-Nordstrom black hole solutions with polarizations on extra dimension and 3D space 
coordinates are parametrized by the data 
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92 



1 



1 + La. 



,53 



1; 



p2+ap/(l + ^)2 + 6/(1 + ^)4 

n , aam{f,p,9,(p) bag {f, p,9,(p) 
— [H : — — ' : —\,h4 



(12) 



1 + 19 



sm 



1 + 1^ 

4p 



V\h,if,p,0,ip)\)]' (see (9)); 



where a, b are constants and ct™ (/, p, 6, ip) and (jq (/, p, 9, (p) are called respectively mass and charge polarizations 
and the coordinates are {x^,y°') = (/, p, 9, t, ip) . 
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2. The anisotropic Reissner-Nordstrom black hole solutions with extra dimension and time running of constants 
are parametrized by the data 



92 



,1 + ^, 



4pJ / \ ' ipt 



,53 = 1; (13) 



p'{^+i) 

where a, b are constants and a„i (/, p, 0, ip) and ag (/, p, 6*, tp) are called respectively mass and charge polarizations 
and the coordinates are (a;% y°) — (/, p, 6, ip, t) . 

3. The ellipsoidal Schwarzschild like black hole solutions with polarizations on extra dimension and 3D space 
coordinates are parametrized by the data 172 = 53 = 1 and 

, cosh^M /cosh -Um(/, u, w, (^) - cosh sinh^usin^w r/ / ., , . rrXl^ 

16 (1 + cosh u) V cosh Wn^/,?/,?;,!^) + cosh smh" u + sm"' u L V /J 

where am = cosh Mm and the coordinates are (x% y") — (/, u, v, ip, t) . 

4. The ellipsoidal Schwarzschild like black hole solutions with extra dimension and time running of constants are 
parametrized by the data 52 = 53 = 1 and 

rg cosh^ u |^coshMm(/, p, 6*, t) — coshu^ ^ sinh^usin^u 



16 (1 + coshu)'' Vcoshum(/,p, 6',t) +coshu/ ' ^ sinh^ u + sin^ ii ' 

where am = coshwm and the coordinates are (x% y") ~ (/, u, v, t, p) . 

The N-coefficients Wi and rii for the solutions (p^)-(p^ are computed respectively following formulas (|o|) and ( |Tl| ) 
(we omit the final expressions in this paper). 

The mathematical form of the solutions ( |l^ ) and (p^, with constants a = —2m/M^ and b — Q, is very similar to that 



of the Reissner-Nordstrom solution from RS gravity |]13|, but multiplied on a conformal factor (^1 + p , with 

renormalized factors a^ and ag and without electric charge being present. The induced 4D gravitational "receptivities" 
am and ag in (^2|) emphasize dependencies on coordinates (/, p, 0, tp) , where s = i^s is the anisotropic coordinate. In 
a similar fashion one induces running on time and the 5th coordinate, and anisotropic polarizations on p and 0, of 
constants for the solution (p^). 

Instead the Reissner-Nordstrom-type correction to the Schwarzschild potential the mentioned polarizations can be 
thought as defined by some nonlinear higher dimension gravitational interactions and anholonomic frame constraints 
for anisotropic Reissner-Nordstrom black hole configurations with a 'tidal charge' Q arising from the projection onto 
the brane of free gravitational field effects in the bulk. These effects are transmitted via the bulk Weyl tensor, off- 
diagonal components of the metric and by anholonomic frames. The Schwarzschild potential $ = —M/{M'^r), where 
Mp is the effective Planck mass on the brane, is modified to 

where the 'tidal charge' parameter Q may be positive or negative. The possibility to modify anisotropically the Newton 
law via effective anisotropic masses Mam, or by anisotropic effective 4D Plank constants, renormalized like am/M"^, 
was recently emphasized in Ref . 0| . In this paper we state that there are possible additional renormalizations of the 
"effective" electric charge, Qag. For diagonal metrics we put am — ag — 1 and by multiplication on corresponding 
conformal factors and with respect to holonomic frames we recover the locally isotropic results from Refs. p^ . We 
must also impose the condition that the 5D spacetime is modeled as a AdS^ slice provided with an anholonomic frame 
structure. 

The renormalized tidal charge Qag affects the geodesies and the gravitational potential, so that indirect limits 
may be placed on it by observations. Nevertheless, current observational limits on |Qcrg| are rather weak, since the 
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correction term in Eq. (|l6|) decreases off rapidly with increasing r, and astrophysical measurements (lensing and 
perihelion precession) probe mostly (weak-field) solar scales. 

Now we analyze the properties of solutions (|lj) and (|l5|). They describe Schwarzschild like solutions with the 
horizon forming a rotation ellipsoid horizon. For the general relativity such solutions were constructed in Refs. [^j. 
Here, it should be emphasized that static anisotropic deformations of the Schwarzschild metric are described by off- 
diagonal metrics and corresponding conformal transforms. At large radial distances from the horizon the anisotropic 
configurations transform into the usual one with spherical symmetry. That why the solutions with anisotropic rota- 
tion ellipsoidal horizons do not contradict the well known Israel and Carter theorems which were proved in the 
assumption of spherical symmetry at asymptotics. Anisotropic 4D black hole solutions follow from the data ( p^ ) 
and (|l5|) if you state some polarizations depending only on 3D space coordinates {u,v,ip), or on some of them. In 
this paper we show that in 5D there are warped to 4D static ellipsoidal like solutions with constants renormalized 
anisotropically on some 3D space coordinates and on extra dimension coordinate (in the class of solutions (p^)) and 
running of constants on time and the 5th coordinate, with possible additional polarizations on some 3D coordinates 
(in the class of solutions (|l5|)). 

A geometric approach to the Randall-Sundrum scenario has been developed by Shiromizu et al. (see also |^), 
and proves to be a useful starting point for formulating the problem and seeing clear lines of approach. In this work 
we considered a variant of anholonomic RS geometry. The vacuum solutions ( 12)-(p^) localized on the brane must 
satisfy the 5D equation in the Shiromizu et al. representation if in 4D some sources are considered as to be induced 
from extra dimension gravity. 

The method of anholonomic frames covers the results on linear extensionss of the Schwarzschild horizon into the bulk 
. The solutions presented in this paper are nonlinearly induced, are based on very general method of construction 
exact solutions in extra dimension gravity and generalize also the Reissner-Nordstrom solution from RS gravity. The 
obtained solutions are locally anisotopic but, nevertheless, they posses local 4D Lorentz symmetry, which is explicitly 
emphasized with respect to anholonomic frames. There are possible constructions with broken Lorentz symmetry 
as in [ p^ (if we impose not a locally isotropic limit of our solutions, but an anisotropic static one). We omit such 
considerations here. 

In conclusion we formulate a prescription for mapping 4D general relativity solutions with diagonal metrics to 4D 
and 5D solutions of brane world: a general relativity vacuum solution gives rise to a vacuum brane-world solution in 
5D gravity given with similar coefficients of metrics hut defined with respect to some anholonomic frames and with 
anisotropic renormalization of fundamental constants; such type of solutions are parametrized by off-diagonal metrics 
if of type (Qj if they are re-defined with respect to coordinate frames . 
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